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1 Introduction 

The study carried on in this paper draws its motivation from the problem of 
the asymptotic description of nonlinearly elastic thin films with a fast-oscillating 
profile. The behaviour of such films is governed by an elastic energy, where two 
parameters intervene: a first parameter e represents the thickness of the thin film 
and a second one 8 the scale of the oscillations. The analytic description of the 
elastic energy is given by a functional of the form 



E EtS (u)= / W(Du)dx, (1.1) 

Ja{e,S) 

where the set f2(e, 8) is of the form 

fl(M) = {^l 3 : |a*| <£/(y,y),(x 1 ,x 2 ) euj}, (1.2) 

with / is a bounded 1-periodic function which parameterizes the boundary of the 
thin film, which then has periodicity 6. It is convenient to scale these energies by 
a change of variables and consider the functionals 

E 5 Ju)= [ w(d 1 u,D 2 u,-D 3 u) dx, (1.3) 
Jn(s) v e J 

where now 

!l(^fet 3 : |z 3 |</(y,y),(zi,z 2 )ea,}. (1.4) 

In this way we separate the effects of the two parameters e and 8. 

In a recent paper by Braides, Fonseca and Francfort || a general compactness 
result for fu nctio nal of thin-film type has been proven which comprises energies 
of the form (|l.3|), showing that, with fixed 8 — 8(e), upon possibly extracting a 



subsequence, the family E^ £> converges in the sense of De Giorgi's T-convergence 
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as e — > to a 2-dimensional energy, which, if 6(e) — > as e — > 0, can be identified 
with a 2d-functional of the form 

E(u)= / W(Di«, D 2 u) dx. (1.5) 

J U) 

In many cases it is possible to describe W explicitly in terms of W and /, and 
as a consequence to prove that no passage to a subsequence is necessary. When 
/ = C is constant (i.e., the profile of the thin film is flat, and hence there is no 
real dependence on 6) the description of the energy density W has been given by 
Le Dret and Raoult Jli| who proved that W — 2CQ 2 W; here Q 2 denotes the 
operation of 2e?-quasiconvexification, and W is obtained from W by minimizing in 
the third component. An equivalent formula, of 'homogenization type', is given in 
H (see also If W 7^ Q 2 W (i.e., W is not quasiconvex) then both formulas 
underline the formation of microstructuresjjenerated by the passage to the limit. 
When / is not constant, then the function W depends on the behaviour of 8 with 
respect to e. The case when 8 = e (or more in general when S/e converges to a 
constant) has been treated in where it is shown that a homogenization type 
formula for W can be given. The same method can be used when 8 >> e; in 
this case the recipe to obtain W is the following: first, keep 8 fixed and apply 
the Le Dret and Raoult procedure, considering the thickness of the thin film as a 
parameter. The output of this procedure is a 2-dimensional energy of the form 

E 5 (u) = J 2f(^j,^Q 2 W(D lU ,D 2 u)dx. (1.6) 

We can then let 8 tend to 0, and apply well-known homogenization procedures 
(see Q) obtaining a limit functional, which turns out to be the desired one. In the 
case 8 << e it is possible to make an ansatz in the same spirit, arguing that the 
limit E can be obtained in the following two steps: 

(1) (Homogenization of sets with oscillating boundaries) First consider e as 
fixed, and let 5 — * 0, to obtain a limit functional of the form 

E e (u) = [ Whom (x 3 , Diu, D 2 u, -D 3 u) dx 

Lx(-i,i) v e J 

(we consider the normalized case sup / = 1). 

Note that in this case an additional dependence on x 3 is introduced, which 
may underline a loss of coerciveness of the function Wh om for certain values of X3 . 
The form of W^om will depend on W and on the sublevel sets of /; 

(2) (Thin film limit) Let e — > and generalize the method of || to non- 
coercive functionals. In this way we obtain a limit energy density 



W hom (F) = infinf{4 / W hom (x 3 , Du + (F,0)) dx : 

ken V k J (0,/c) 2 x (0,1) 

ueW^((0,lf;l 3 ), u fc-periodic m(x u x 2 )\ 
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Note that the dependence on X3 implies that the simpler method of cannot 
be applied to this situation. 

A partial result in this case has been obtained by Kohn and Vogelius |2(J 
who dealt with linear operators. 

The purpose of this work is twofold. First, we give a general theory for the 
homogenization of non-convex energies defined on sets with oscillating bound- 
aries by generalizing the application of the direct methods of T-convergence to 
homogenization as described in ||. We clarify and prove statement (1) above, 
by showing that the functionals E e are defined on a 'degenerate Sobolev Space' 
that can be described by proving an auxiliary convex-homogenization result. The 
formula for Whom can be obtained by solving a possibly degenerate localized 3d- 
homogenization problem. In the case of convex W the determination of Whom(t, F) 
for fixed t 6 (—1,1) essentially amount to solving a 2e?-homogenization problem 
with an energy which is coercive only on the set E t = {(xi,X2) G K 2 : f(xi,Xi) > 
\t\}, while in the general non-convex case the problem defining W^omit, F) is 
genuinely three dimensional. We state and prove these results in a general n- 
dimensional setting (for some related problems in the convex setting see e.g. Q). 

The second goal of the paper is to prove that by following steps (1) and (2) 
above we indeed obtain the description of W. Even though this is an intrinsically 
vectorial problem, and hence the 'natural' structural condition on W is quasicon- 
vexity, we have been able to prove this result only with the additional hypothesis 
that W is convex. The technical point where this assumption is needed is the sep- 
aration of scales argument, which assures that, essentially, homogenization comes 
first, followed by the thin film 3d-2d limit. In general problems where only qua- 
siconvexity is assumed this point is usually proved by a compactness argument 
which uses some equi-integrability properties of gradients of optimal sequences for 
the homogenization derived from the growth conditions on the energy density (see 
e.g. Fonseca Miiller Pedregal [[L7|; for the use of this argument in the framework 
of iterated homogenization see Tq] Chapter 22; for an application to heterogeneous 
thin films with flat profile see Shu J23| ) . In the case of thin films with fast-oscillating 
profiles, this technique cannot be used since we have a control on the gradients 
of optimal sequences only on varying wildly oscillating domains. In the convex 
case though, optimal sequences for the homogenization can be obtained simply 
by scaling one single periodic function, and hence their gradients automatically 
enjoy equi-integrability properties. Note that this difficulty is similar to those en- 
countered when dealing with higher-order theories of thin films. In that case the 
necessary compactness properties can be obtained by adding a small perturbation 
with higher-order derivatives (as in the paper by Bhattacharya and James |1). 
We do not follow this type of argument since even a singular perturbation by 
higher-order gradients might interact with the homogenization process, as shown 
by Francfort and Muller fl8[| . More applications of T-convergence arguments to 
thin films theory can be found in [§, 0] . 
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2 Notation and Preliminaries 



In the sequel, n, m G N with n > 2, m > 1. If x G R™ then £ Q = (xi, . . . , G 
M ,l_1 is the vector of the first n — 1 components of x, and D a = ^g§^-, • ■ ■ , g^r - r) ■ 
If fl is a open subset of R™ we denote by .4(0) the family of all open subsets of fl. 

The notation M" ix,i stands for the space of m x n matrices. Given a matrix 
F G M mxn , and following the notation introduced in we write F = (F\F n ), 
where Fi denotes the i-th column of F, 1 < i < n, and F = (F\, . . . ,F n -\) € 
M mxn_1 is the matrix of the first n — 1 columns of F. F denotes also (F, 0) when 
no confusion arises. 

The characteristic function of a set E C 1™ is denoted by XEi and the 
iV-dimensional Lebesgue measure in M. N is designated as C . We use standard 
notation for Lebesgue and Sobolev spaces. The letter c will stand for an arbitrary 
fixed strictly-positive constant. 

We recall the definition of De Giorgi's T-convergence in L p spaces, 1 < p < 
+oo. Given a family of functional Jj : L p (£l;R m ) — > [0, +oo), j G N, for u G 
L p (ft;R m ) we define 

r- lim inf Jj(u) = inf {lim inf Jj(uj) : u 3 : -> u in L p (ft; R™)}, 

and 

r-limsup Jj(u) = inf J lim sup J 3 (uj ) : Uj — > u in L p (il;R m ) [■. 

j — >+oo ^ j — >+oo ' 

If these two quantities coincide then their common value is called the Y -limit of 
the sequence (Jj) at u, and is denoted by T- lirrij_> +00 Jj(u). It is easy to check 
that / = r-linij_> +00 Jj(u) if and only if 

(a) for every sequence (uj) converging to u in L p (f2;R m ) we have 

/ < lim inf Jj(uj); 

(b) there exists a sequence (uj) converging to u in L p (Sl;R m ) such that 

I > lim sup Jj(uj). 

j^ + oo 

We say that ( J £ ) T -converges to I at u as e — > if for every sequence of positive 
numbers (ej) converging to there exists a subsequence (sj k ) for which 

I = T- lim J F . (u) . 

We recall that the T-upper and lower limits defined above are L p -lower semicon- 
tinuous functions. 

For a comprehensive study of T-convergence we refer to the book of Dal Maso 
| jl3| (for a simplified introduction see M ) , while a detailed analysis of some of its 
applications to homogenization theory can be found in raj. 
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3 The direct method of T-convergence 



In the sequel we will repeatedly apply some variants of the so-called direct method 
of T-convergence to homogenization problems, which consists in combining local- 
ization and integral representation procedures to obtain compactness theorem for 
classes of integral functional. This method in the version which follows is explained 
in detail in the book by Braides and Defranceschi || (see also Dal Maso Jl3| and 
Buttazzo 0). 

Let tt be a bounded subset of R", let p > 1 and let F £ : W(Cl; R m ) x A(ty -» 
[0, +oo] be a family of functionals of the form 



/ f e (x,Du)dx if tie X e (U) 
Ju 



F £ {u,U)={Ju (3.1) 
-co otherwise, 

for suitable function spaces X E (U) and f £ : l"xM mx ™ — > [0, +oo) Borel functions. 
Suppose that there exist Borel functions g £ : R™ x R — > [0, +oo), convex and even 
in the second variable, with 

9e(x,\F\) < f s (x, F) < C(l + g e (x, \F\)) < C(l + \F\ P ), (3.2) 
g E {x,2t) < C(l + g e (x,t)) (3.3) 



for all F G M mxn , x G fl and t G R. Growth conditions (^2() and (|3_3|) are designed 
to include functions of the type a £ (x)\F\ p with the only assumption a £ > 0, thus 
allowing for zones where a £ — 0. In the next section a £ will be the characteristic 
function of a set with fast-oscillating boundary. Note that a general theory for 
functions satisfying 

0<f e (x,F)<C(l + \F\*) 

only has not be developed yet. The aim of the direct method of T-convergence is to 
prove a compactness result for the family (F £ ), giving a representation of the limit, 
and, possibly, complete the description in terms of 'homogenization formulas'. 

Step 1 With fixed (ej) extract a subsequence (not relabeled) such that 
F £ (-,U) T-converges to a functional Fq(-,U) for all U in a dense family of open 
sets U (see [|| Proposition 7.9); 



Step 2 Thanks to (^2) and (^3), prove that Fo(u, ■) is the restriction of a 
finite Borel measure to U for all u G W 1,p (i7;R m ), so that by inner regularity we 
indeed have that F £ (-, U) T-converges to a functional F (-, U) on W 1,p (r2;R m ) for 
all U £ A(£l). In this step is crucial the so-called fundamental L p - estimate: for all 
U,Y,Ze A(Q) with Y CC U, and for all a > 0, there exists M > such that for 
all u, v S W 1 ' 3 ^; R m ) one may find a cut-off function tp G C£°(C/; [0, 1]), (p = 1 in 
Y, such that 

F £ (cpu+(l-p)v,YUZ) < (l + a)(F £ (u,U) + F e (v,Z)) 

+M / \u-v\ p dx + a. (3.4) 

J{Unz)\Y 
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Moreover, by again using the fundamental L p -estimate it can be proven that if 
u e W 1>p (0; W n )nX e (U) for all e and F (u, U) < +00 then there exist a sequence 
u e G X e (U) such that 

UmF e (u e ,U) = F (u,U) 

and u e — u on a neighbourhood of dU (see || Chapter 11); 

Step 3 By the locality and semicontinuity properties of r-limits and by Step 
2 we can find a function tp : x M mx " -» [0, +00) such that < <p(x, F) < 
(7(1 + \F\ P ) and F (u,U) = F v {u,U) for all it G W 1 ' p (n;M m ) and U G .A(fi), 
where 

F v {u) = I tp(x,Du)dx. 
Jn 

In the proof of this step a crucial point is the passage from the identity Fq (it) = 
F v {u) when it is piecewise affine to a general it by the continuity of F v with 
respect to a convergence in which piecewise-afime functions are dense (e.g. the 
strong W 1,p -convergence) (see || Chapter 9); 

Step 4 If f E (x,F) — f(~,F) with / 1-periodic in the first variable then by 
the periodicity of / we deduce that (p — <p(F) (see || Proposition 14.3); 

Step 5 If g e (x,F) — g(-,F) with g 1-periodic in the first variable then we 
consider the auxiliary functionals 

g £ (x,Du)dx ifuGX e (fi) 
G e (u, U) = { Ju (3.5) 

-00 otherwise. 

By Step 1-4 we can assume that a function ip exists such that G e (-,U) T-converges 
to the functional F 4 ,(-, U) on W 1 ^(fi;M m ) for all U G A(Q); 

Step 6 Note that ip is convex. By an argument of approximation by con- 
volution prove that indeed the functional G e (-,U) T-converges to the functional 
Fj,(;U) on W 1 ' 1 ^;^" 1 ) for all U G ,4(0). Define the 'domain' of i^(-,fi): 
W 1 ^(0;M m ) = {u G W 1 ' 1 ^;®" 1 ) : F 4 ,(u,n) < +00} (see § Theorem 14.8); 

Step 7 Repeat Step 2 and 3 substituting the space W 1,p (f2; R m ) by the space 
W^OjK™) thus obtaining the representation F Q = F v on W 1,:L (0;M m ); 

Step 8 Deduce that ip and ip do not depend on (ej) by proving a homoge- 
nization formula (see || Proposition 21.12); 

Step 9 Finally, the representation of Fq on the whole L^f^M" 1 ), and not 
only on W 1 ' 1 (f2;R m ), can be obtained in some cases by a more accurate study of 
the properties of ip. 

We will have to modify Steps 1-9 above as to cover the case when the domain 
of the limit is a 'degenerate Sobolev Space'. In particular, since the function tp 
obtained as in Step 5 will be degenerate, a suitable weighted Sobolev Space will 
have to be defined, which takes the place of W 1,1 (f2; R m ) in Step 6 above. Moreover, 
we will have to deal with the fact that our functions f s ,g s may be periodic only 
in some variables, so that Step 8 will be harder to verify. We will include all the 
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details of the reasonings which do not fall directly in this scheme, while we will 
feel free to refer to B for those procedures which have become customary. 

It is worth mentioning that in some cases the arguments outlined above can 
be simplified by using some techniques (as blow-up arguments or the theory of 
Young measures) that avoid to use the complex localization procedure. As our 
problem is concerned those methods seem harder to apply since the energies we 
consider are coercive only on wildly oscillating sets. 



4 Homogenization of media with oscillating pro- 



Let / : R™ 1 i ► [0, 1] be a 1-periodic lower semicontinuous function and < 
min/ < sup/ = 1, let W : R n_1 x M mXTl ^ [0, +oo) be a Borel function 1- 
periodic in the first variable satisfying 



for all x a E M ,l_1 and F e M rnxn , for some 1 < p < +oo, < 7 < (3. The 
set u> will be a fixed bounded open subset of IR n_1 with Lipschitz boundary and 

n = lj x (-1,1). 



file 



l\F\*<W(x a ,F)<0(l + \F\*) 



(4.1) 




Figure 1: the graph of a typical / in the unit cell 



In this section we compute the T-limit of functionals of the form 



Je(u) 




dx if u\n e G W^P(n £ ;R m ) 



otherwise. 



(4.2) 



where 



Sl e = {x e il : \x n \ < f(x a /e)}. 



(4.3) 
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Figure 2: the upper profile of E with / as in Figure 1 



The r-limit theorem will be stated and proved at the end of the section after 
some preliminary results, which are needed to define the domain of the r-limit 
and to explain the homogenization formula. 

In orded to apply the method described in the previous section we introduce 
the localized version of the functionals J e : for all U open subset of SI we define 

>(^,Du)dx if^nt/ G W^C^D^R"*) / s 
J £ (u,U) = ( Jn c nu \ e > (4.4) 




-oo otherwise, 
so that J e (u) = J £ (u,fi). 

The first proposition contains the analog of Steps 1-4 of the direct method 
of T-convergence as outlined in the previous section. 

Proposition 4.1 From every sequence (ej) of positive numbers converging to 
we can extract a subsequence (not relabeled) such that the T -limit 

J (u,U)=T- lim J e Au,U) 

exists for all u £ W ,p (0;M m ) and U open subsets ofQ. Moreover, there exists a 
Caratheodory function Lp : (—1, 1) x M mxn — * [0, +oo) such that 



Jo(u,U) — / ip{x ni Du)dx 
Ju 

for allue W lj >(Jl; R m ). 

Proof. The functional J e can be rewritten on X e (U) = {u E L P (S1; 
u\n e nu 6 W^(fi E n(7;R m )} as 



J e (u,U)= f X nSx)w(^f,Du)dx. 
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We can then apply Steps 1-3 of Section 3 (see Example 11.4 for the proof 
of the L p -fundamental estimate). Finally, a translation argument in the a; Q -plane 
(completely analogous, e.g., to the one in the proof of || Proposition 14.3) shows 
that 



¥>(y,F)dy = / tp{y,F)dy 

B p (x a )x (z-7],z+>r)) J B p (x' a )x (z-»;,z+7() 

for all p, r] > 0, x a , x' a , z such that 

\B p (x a ) x (z - r), z + 77)) U (B p {x' a ) x (z - r), z + r))j C . 

We then easily deduce that ip(x, F) — (p(x n ,F). □ 

We will complete the proof of the homogenization theorem by characteriz- 
ing the function ip above (showing in particular that it does not depend on the 
sequence (sj)), proving the existence of the r-limit Jo on the whole L p (f2;R m ) 
and showing that the integral representation in the previous proposition holds 
on the whole domain of Jo- In order to get to this result, we will have to define 
a number of auxiliary energies; here we streamline the organization of the rest 
of the section. First, in Section 4.1 we consider the case when W(F) — \\F\\ P . 



We will denote by tp the function given by Proposition 4.1 corresponding to this 
particular choice of W. For fixed t the function ip(t, ■) is easily characterized by 
solving a (n — l)-dimensional (possibly, non coercive) homogenization problem. 
It is possible then to define the 'degenerate Sobolev Space' W^' p (f2;lL m ) of func- 
tions such that J n ip(x n , Du) dx < +00, which turns out to be the domain of the 



r-limit when W(F) — \\F\\ P , and hence also in the general case by (4.1). In Sec- 
tion 4.2, in order to describe the function tp in the general case, with fixed t we 
consider the case when we replace the function / by the characteristic function 
of E t = {x a : f(x a ) > \t\} (i.e., we deal with cylindrical domains). The func- 
tion ip(t, ■) will eventually be given by the energy density of the corresponding 
r-limit. Finally, in Section 4.3 we are able to consider general W and / and obtain 
the oscillating-boundary homogenization Theorem 4.15 as the consequence of the 
previous sections. 



4.1 An auxiliary problem. Definition of the limit domain 

In general, the limit functional Jo exists and is finite also outside W 1,p (ri;R m ). 
We first deal with the case of Jo corresponding to 

n 

W{x,F) = \\F\\ P , where \\F\\ P = J2\ F i\ P - ( 4 - 5 ) 

By a careful description of the domain of the corresponding r-limit we will iden- 
tify the domain of Jq as a suitable 'degenerate Sobolev Space' (see Definition 



9 



4.5) which, in view of the growth condition (4.1 



), will also be the domain of Jo 



corresponding to energy densities other than (4.5) 
We recall a preliminary result. 

Theorem 4.2 Let E be a 1-periodic set in M. N ; i.e., such that \e is a 1-periodic 
function, and let 

r _ f \\Dv\\*dx tfv lUn£E eW^(UneE;W») 

Jf(v,U) = { JuneE (4.6) 

-oo otherwise. 



Then the T-limit 



j£ om (v,U) = r-limjZ(v,U) 



N 



exists for all U bounded open subsets of M. N and v G W 1,P (U; M. m ). Moreover, we 
have 

Ju 

for all u G W ' P (U ; M. m ), where cp^om * s a positively homogeneous function of degree 
p, satisfying the formula 

VhoUF) = f / \\Dv + F\\p dx : v G Wj£(.E; K m ), 1-penodic] . 

^JEn(o,l) N } 

PROOF. This theorem is a particular case of [|| Theorem 14.8, the positive 
homogeneity of ^ om easily following from its definition. □ 

For all t G (—1, 1) we define 

the latter function being that given by the previous theorem, with N = n — 1 and 
E = E t — {i a : f{x a ) > \t\}- We define also 

^(t,F)^i P# (t,F)+C n ^(E t n(0,l) n - 1 )\F n \P. (4.7) 



Theorem 4.3 IfW = \\F\\ P and ip is given by Proposition 4.1 then we have 

ip(t,F) = ip(t,F). 
In particular ip does not depend on (sj). 

Proof. Let (a;, F) be such that Lebesgue point for (p(-,F). Then 

<p(x n ,F) = lim / ip(y n ,F)dy (4.8) 

P~^ 0+ J B p (x a )x (x n -p,x n ) 



= lim 



Jp(Fy, B p (x a ) x (x n - p, x n )) 



P ^o+ \B p {x a ) 
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We consider the case x n > only, the case x n < being dealt with using a 
symmetric argument. Note that for < t < s < 1 we have E s C Et- Let Uj — > 
with Mj G Wj' p (i3p(a; Q ) x (a;„ — p, x n ) n f2 £j ) be such that 

J (Fy,B p (x a ) x (x n - p,x n )) = lira J e .(Fy + Uj,B p (x a ) x (x n - p,x n )) . 



Then, 



J £j (Fy + Uj,B p (x a ) x (i„ - p,x n )) 
P f XE y (—)\\F + D a u J \\Pdy a dy„ 

Jx„-0JBJx„) X£ .j / 



B p (x a ) Jx n —p 



> 



XE yn (—) \F n + D n Uj\ p dy n dy a 
P I XE Xn (—)\\F + D aUj rdy a dy n 

Jx n -pJB p {x a ) K£ j / 
-P 



f XEj^)\F n fdy a 

JB p (x a ) K£ 3 / 



by Jensen's inequality. By using the lower limit inequality for the T-convergence 
in Theorem [O with E — E Xn , and by an application of Fatou's Lemma, we get 



Jo(Fy, B p (x a ) x (x n —p,x n )) > p I (p#(x n ,F)dy a 

+p£ n - 1 (B p (x a ))\F n \r£ n ^ 1 (E Xn n (0, l)"- 1 ) . 
Letting p — > + we obtain then by Q4.^ ) 

<p(x n ,F) > <p#{x n ,F) + C n -i(E Xn n (0, l) n - x )|F n |f . 

Vice versa, let Vj — * be such that Fy a + Vj(y a ) is a recovery sequence for 
Jhom (Fy<x) B p {x a )) along the sequence (sj), and set 

u j(v) = F V+ (vj(ya),0) = {Fy a + v j (y a ) ) F n y n ) . 

We then have 



/ v{Vn,A)dy 

J B„(x„)x (x-n .x„+o) 



' B p (x a )x (x„,x„+p) 

< liminf J e .(uj,B p (x a ) x (x n ,x n +p)) 



< lim inf 



XEj^)\\Du 3 rdy 

J^ + oo JB p (x a )x(x n ,x n +p) K£ j y 

.lim P f XeJ V — )(\\F + D a v j r + \F n \ndy a 

J^+°° jB p (x a ) K£ J J 
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•I, 



p I Lp # {x n ,F)dy a 
lB„{x a ) 

+p£ n - 1 {B p {x a ))\F n \P£ n - 1 {E Xn n (0, 1) 



ra-l 



which gives the missing inequality by 



□ 



Remark 4.4 With fixed t, we define the 'kernel' of <p#(t, •) as 

Ker^ # = {<?#(*,-) = 0}. 
Then Kertp^ is a linear space and its dimension is a multiple integer of m; i.e., 

dim Ker ipg = km for some k = 0, . . . , n — 1 

and there exist £/c+i, • • • >£n— l £ K™ -1 such that 

/ F 1 \ 

F = : e Ker^ # ^> F& = 
y F m J 

for each i = k + 1, . . . ,n — 1. (Note that A; depends on £ fixed and F 1 denotes the 
i-th row of F, 1 < i < m). 

In fact, since F i— » ip#(t, F) is positively homogeneous of degree p, convex and 
even, Kery># is a linear space and satisfies the following properties: if F € Kenp# 
then 

(i) for each (si, . . . , s m ) £ R m 



/ SiF 1 



G Ker<^ # ; 



(ii) PF £ Keryj^t for each permutation matrix P G M mxm . 
Properties (i) and (ii) imply that if we fix F 1 we can construct m matrices 
linearly independent 



/ F 1 \ 




V o J 



( \ 



F 1 



V o J 



( \ 



V F 1 J 



£ Ker (p# 



which span a subspace (F 1 ) of Ker</?# of dimension m. 

Now, if (F 1 ) ^ Ker</j#, we can single out a non-zero matrix in Ker<^# or- 
thogonal to (F 1 ), and, by using the same argument as above taking its first row 
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vector, find other m matrices which, together with the matrices constructed before, 
form a linearly independent family. 

By proceeding in this way, we end up with 771, . . . ,r]k G W 1 ^ 1 such that for 
all A G Kcr ip# 

k 

A 1 = ^2s lj r] J z = l,..., to 

j=i 

with Sij G R, which means that the dimKer<^ # = km for some fce{l,...,n— 1}. 
The orthogonal subspace to (771,...,%) is a vector subspace of R m ( n_1 ) 
■ • • , and the vectors of the two basis satisfy by definition, the con- 

ditions 

rfi^j = i = l, j = fe + 1, . . . , n - 1. 

Hence, we can conclude that there exist vectors £fc+i, . . . , G K" -1 such that 
_F e Kcr ip# if and only if = for each i = k + 1, . . . , n — 1. 

Since 1 1— > ip#(t, F) is decreasing on (0, 1) and it is coercive on (0, min/), there 
exist < min/ < tj. < . . . < t fc < < . . . < t„_i < 1 and £ fe+1 , . . . , £„_i G 
K™" 1 such that 

(i) <p#(t,F) is coercive on (0,t\); 

(ii) for each k = 1, . . . , n — 2 <p#(t, F) = if and only if = 
for i = fc +_1, ... ,n - 1 on (t k ,t k+1 ); 

(iii) ^ # (t,F) = 0on (t„_i,l). 

Definition 4.5 We define the 'degenerate weighted Sobolev Space' W^' p (Q;lR m ) 
as the space of functions u € L p (il;M m ) suc/i t/iai 

(i) D n ueLl c (n;R m ); 

(ii) D« il0 )U G Lf oc (w x (-U,t t );M. m ) fori = l,...,n- 1; 

(iii) if $ : f2 — > M mx (™ _1 ) is any measurable function such that 
= D^. fi) u G Lf oc (w x (-i i ,t i );]R m ) for i = 1, . . . ,n - 1, then 

ip(x n , <&\D n u) dx < +00 . 

Clearly, the last integral is independent of the choice of <&; hence, it will be 
denoted by 

ip(x n ,Du) dx , 
with a slight abuse of notation. 

Remark 4.6 Note that in dimension 3 (i.e., n = 3) the representation of the 
space Wi' p (f2; K m ) is particularly simple as, up to a rotation, we can assume that 



/ 
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£ = e 2 . In this case, Wj,' p (fi;R m ) is the space of functions u e 17(0; lR m ) such 
that 

(i) # 3U eLf oc (fi;K™); 

(ii) D 2 ueLV oc (cjx(-t 2 ,t 2 y : R m ); 
(hi) Diu & Lf oc (w x (-t!,*!);^); 

(iv) if <i> : f2 — > M mx2 , $ = $ 2 ) is any measurable function such that 
$2 = hi w x {—t 2 ,t 2 ) and $1 = in uj x (— ti,ti), then 

/ ip(x 3 ,$\D 3 u) dx < +00 . 
Jn 



Example 4.7 If n = 3 and 

f(x!,X2) = ^ + ^sin 2 (a;i)sin 2 (x2) , 

then ip#(t,F) = \\F\\ P if |i| < 1/2 and otherwise, so that ti = * 2 = 1/2, and £ is 
any vector. If instead 

f(x!,x 2 ) = - + -sin 2 (a;i) , 
then ti = 1/2, t 2 = 1 and £ = (0, 1). 



Figure 3: the oscillating profiles in Example 4.7 



By using a convolution argument, we can improve Proposition 4.1 to give a 



characterization of the T-limit on the whole Wi' p (f2;R m ) and independent of the 



sequence (ej). This result corresponds to Step 6 in Section 3, and its proof uses 
the convexity of F 1— > ||-F|| P in an essential way. 

Proposition 4.8 Let W = \\F \\ p , and let U be a open subset of VI. Then 
(i) ifue L p (U;W n ) \ W^ p (U;R m ) then there exists the T-limit 

Jo(u, U) = Y- lim J £ (u, U) = +00; 

e—>0 
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(ii) ifu e W^' p (fi;R m ) then there exists the T-limit 



Jo(u, U) = T- lim J e (u, U) = / if){x n ,Du) dx. 

Ju 

PROOF. We only outline the proof, as it closely follows that of |pj Theorem 
14.8, and details can be found therein. 

Fix u £ L p (f2; R m ) and U an open subset of f2. In order to compute Jq(u, U) 
it is sufficient to show that from every sequence (sj ) we can extract a subsequence 
(sj k ) such that the T-limit along (£j k ) exists and is independent of the subsequence. 

We fix a sequence (ej). By Theorem 4.3 the thesis of Proposition 4.1 holds 
with if) in the place of ip. Upon possibly extracting a further subsequence, we may 
also assume that there exists the limit 

Mu,U) = T- lim J £ Au,U). 
Let (pj) be a sequence of mollifiers with sptpj C B(0, i) C M™ _1 , and define 



u j( x ) = / Pj(y)u(x a -y,x n )dy. 

By the convexity of Jo and its translation-invariance properties, we have 
J Q (uj,U') < J (u, U) for all U' CC U such that U' C (y,0) + U for all y £ sptpj. 
By the convexity of i/j the functional v i— ► J v , ip(x n , Dv) dx (if v £ L P (U'; M m ) \ 
W^' P (C/'; M. m ) this integral is set equal to +oo) is lower semicontinuous with respect 
to the L p ([/';R m ) convergence. Hence, we have 



ip(x n , Du) dx < liminf / tp(x n , Duj) dx < Jq(u,U). 
By the arbitrariness of [/' we get 

ip(x„,Du) dx < J (u, U), (4.9) 



and in particular that J (u, U) = +oo if u e LP(J7; M m ) \ W^' p (/7; R m ), so that (i) 
is proved. 

Let now u G W^' p (fi;R m ). We first assume that U CC U' CC fl By using 
the lower semicontinuity of Jo and Jensen's inequality, we have 

Jq(u,U) < lim inf Jo (u U) — lim inf / ip(x n ,Duj)dx 



< liminf / / pj(y)ip(x n ,Du(x - (y,Q)))dxdy 



liminf / Pj{y) / ip(x n , Du) dx dy 



< liminf / Pj{y)dy I ip(x ni Du)dx = / ip(x ni Du)dx. 



15 



By the arbitrariness of U' we then get 

Mu,U) < / ip(x n ,Du)dx, (4.10) 
Ju 

so that (ii) follows by taking ( |4.9| ) into account. 

Finally, for arbitrary U, note that if u G W^ ,p (fi; M m ) then it can be approx- 
imated by a sequence (vj) of functions in W 1,p (f2;R m ) such that f„ tp(x n , Dvj) dx 
are equi-bounded (we may use e.g. the argument in the proof of p5[ Section 4.2 
Theorem 3); hence, by the lower semicontinuity of J" = T-limsupj J £j , we have 
J"{u) < +00. This fact implies (as in e.g. || Section 11.2) that J" is inner-regular; 
i.e., 

J" (it, [/) = supj J"(«, V) : V CC f/} . 

Since (ii) holds with y in the place of U we easily get the thesis. □ 

The following proposition clarifies the structure of W^' p , and implies that 

the restrictions of functions u £ Wj,' p (f2;R m ) to relatively compact subsets of 
uj x (ifc,ifc+i) are characterized as those functions having directional derivatives 
Dk+i, . . . , D„ p-summable. 

Proposition 4.9 Let fc = 1, . . . ,n — 2 and s G (t*, t/t+i). There exist two positive 
constants afc(s) arid /3& swc/i f/iaf 



n— l n — i 

(*) ( E w + ^ ^ ^ ( E i^&r + i^r) (4- n ) 



=fc+i 



i=fe+l 



/or a/Z F G M mxn and t 6 (t k , s\ . 

Proof. Since F \— > y>#(t, -F 1 ) is positively homogeneous of degree p and con- 
vex, if t G (tk,tk+i) we easily deduce that 

n-1 

m^)< c E <m*. so i^&r 

i=fe+l 



where 



If we denote 







V o / 



[3' k = max sup cip^t^i) 
»=*+!,. {£[0,1) 



1G 



then 



n-l 



On the other hand we have that 



(4.12) 



i=k+l 



> c y#(t,(F6+i,. :: ,n n -i)) 

" C ||(^ fc+ l,.--,^n-l)r 

> cmi{ip # (t,G) : G e S 71 ^ 1 n Ker<p# x } 



by p-homogeneity. Note that 1 1— > c inf{y>#(£, G) : G G 5" 1 fl Kery># } = c(i) is 
decreasing on (0, 1) and 

inf c(i) = a' k (s) > 0, 



so that we get 



(4.13) 



Let 



and 



a fe (s)=min{4(s), inf £ n _i(E t n (0, l)™" 1 )} 

te(t fc ,s] 



/3 fc = max{/%,l}, 
then ( |4.11| ) follows by Theorem |J, ( |4.12| ) and ( |4.13[ ) 



□ 



Proposition 4.10 Fix t e (tk,tk+i), for k = 0, ...,n — 1 (to = Q,t n = If ip is 
given by (4.7) f/ien 



^(t,F) 



mm< / ||Dw|| p cfe 

'(o,i)"n(B t x(o,i)) 



e Wj^CEi x (0, l);M m ), w-fi 1-periodic} . 
Proof. Let robea test function for the minimum problem above, then 



\\Dw\\ p dx 



(o,i)"n(B t x(o,i)) 

\\D a w\\ p dx+ [ \D n w\ p dx 
'(o,i)"n(B f x(o,i)) ./(o,i)™n(E t x(o,i)) 

> [ mini f \\Dv\\ p dx a : 

Jo ^Btn(o,i)" _1 



17 



v e W^ p c (E t ;R m ), v - Fx a 1-periodic} dx n 
( y \D n w\ p dxr^j dx a 



'B s n(o,l) 

> + £„-i(^t n (0, i) n - 1 )|F n r = ^(t,^ 



by Jensen's inequality and the description of (see Theorem 4.2); hence, 

tp(t, F) < mini / \\Dw\\ p dx : 

l -J(o,i)' i n£;tx(o,i) 

w G Wj^CEt x (0, l);M m ), u> - Fx l-periodic| 



by Theorem 4.3 



Conversely, given a function v such that v — Fx a is 1-periodic, we can con- 
struct a test function w, such that w — Fx 1-periodic, as 

w(x) = v(x a ) - F n x n . 

We then have 

' \\Dw\\ p dx 
(o,i)"n(B f x(o,i)) 

(\\D a v\\ p + \F n \ p )dx 

(o,i)"n(B t x(o,i)) 

||£> a «|| p dx Q + £ n _i(£ t n (0, l)™- 1 )!^^ 

B t n(o,i)"-! 

> mini / \\Dw\\ p dx : 

L i(o,i)"n(£; t x(o,i)) 

w e Wl£(E t x (0, l);K m ), w - Fx 1-periodic} 
and hence the converse inequality 

ip(t,F) = mini / \\Dv\\ p dx a : 

V S W^(^;R m ), u — ~Fx a 1-periodic} 

+£ n _ 1 (^n(o,i) n - 1 )|F„|^ 

> mim / |Z?k;|| p dx : 

L ./(o,i)™n(-E t x(oa)) 

w e W^(S( x (0, l);M m ), iu - Fa: 1-periodic} 
is obtained as desired. □ 
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Now we can turn our attention to the case with a general W. Now that a 
natural domain for the limit functional is defined, we can easily state and prove a 



compactness result that partly improves Proposition 4.1 



Theorem 4.11 Let J e be given by (4.4). Then for every sequence (sj) of positive 
numbers converging to there exists a subsequence (not relabeled) such that the 
r -limit 

J (u,U)=T- lim J ej (u,U) 

exists for all u G W^' p (ft;R m ) and U open subsets ofQ. Moreover Jq(u,-) is the 
restriction of a Borel measure to A(fl). 



Proof. By (4.1) and Proposition 4.8 we deduce the condition 
r-limsup J e (u, U) < P I (1 + ip(x n ,Du)) dx 



(4.14) 



if u G W^' p (J7;R m ) and U is an open subset of O. Then, we can follow the Steps 
1-3 in Section 3 to prove the compactness of (J E ) and that Jo(u, •) is the restriction 
of a Borel measure to A(£i). □ 



4.2 Homogenization of cylindrical domains 



It remains now to extend the integral representation of Proposition 4.1 and char- 
acterize its integrand. We first deal with the case of 'cylindrical' domains; i.e., we 
consider \e in place of /, with E a 1-periodic open subset of K n_1 . 

Let ii,...,t„_i be the points in (0,1) introduced to characterize the 'de- 
generate weighted Sobolev Space' in Definition 4.5. Since in the following we will 
choose E — E t (E t defined as {x a : f(x a ) > \t\}) we introduce the following 
notation: with fixed t G (0, 1), t ^ tk for k = 1, . . . , n — 1, consider the set E t and 
the functional 

f / w(—,Du)dx if u £ Waffle n U e ;R m ) 
Jt{u,U) = I Jn c nu c V e ' ; (4.15) 

I +00 otherwise, 

where U e = UP\(eE t x (— 1, 1)). Note that the integrand of satisfies the following 
growth conditions 

ig(x,A)<XE t x(-i,i)W(x a ,A)<l3(l + g(x,A)) (4.16) 

where g(x, A) — XB t x(-i,i)(2 ; )||^|| p is obviously 1-periodic in x, convex in A and 
satisfying 

< g(x, A) < 1 + and g(x, 2A) < c(l + g(x, A)) 
for all A G M mxn . 
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Remark 4.12 Note that if we fix t € (tk-i,tk) and consider \E t i n place of / 
then W^' p (ri;R m ) turns out to be the space 

Wl' p {n;R m ) = {u 6 L p (£l; R m ) : D n u G L p (f2; R m ), D^u 6 L p (£l; R m ) 



if fc = 1 , . . . , n — 1 , and 



if fc = 



{u e L p (ft; 



£ = fc, . . . , 7i — 1} 
D n u e L p (fi;M m )}. 






Figure 4: cylindrical domains E t x (—1, 1) related to the function / in Figure 1 for 
different values of t 



Theorem 4.13 Let t E (tfc_i,*fc) and let J*(-,U) be defined by ( |4.15D . Then the 
r -limit 

4(u,U)= [ Wl m (Du)dx 



exists for each u £ W^' p (f2; R m ) and U open subset of fl, where Wi om is given by 



WLm(A) = lim inff-^ f XE t {x a )W{x ai A + Du{x)) 

ue Wo' p ((0,T)";M m )} 



dx 
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for allAe M mxn . 

Proof. By taking Theorem 4.11 into account with \E t hi the place of /, 



and repeating word for word the proof of the integral representation theorem 
[g Theorem 9.1, replacing W 1 ' p (fi; W n ) by Wfe P (fi;R m ), we obtain an integral 
representation on the whole W], ,p (Cl; M. m ). The integrand of this representation 



must coincide with the function ip — ip(x n ,F) provided by Proposition 4.1 with 
XE t in the place of /. Since the functionals are clearly invariant by translations in 
the direction x n we have indeed ip = ip(F). To prove the asymptotic formula we 
can repeat the proof of Proposition 21.12 in raj. □ 



4.3 The general case 

We can eventually proceed to dealing with the general case. 



Proposition 4.14 Let J E be given by (4.4). Then the T -limit 



J (u,U) = r-lim J £ (u,U) 

exists for all u £ W^,' p (f2; IR™ 1 ) and U open subsets of il. Moreover, for such u we 
have 

J (u,U) = / (p(x n ,Du)dx, 
Ju 



where ip is given by Proposition 4.1 



Proof. We have to extend the representation of Jo given by Proposition 
D]to Wj,' p (fi;R m ). Note that tp is a Caratheodory function (see § Theorem 9.1, 



Step 3). As explained in Step 3 of Section 3, a crucial argument used to obtain an 
integral representation result is the continuity in W^,' p (f2;Il m ) of the functional 

ip(x n , Du) dx 



U 

along some strongly converging sequences of piecewise-affine functions. We only 
prove this property, as the rest of the proof follows exactly that of B Theorem 9.1 
(Steps 1-3, 5 and 6; the proof below replaces Step 4). 

Let U = Ufe=o where U k CC w x (t k ,t k+1 ), (t Q = 0,i„ = 1); we can 
find functions Uj € W^' p (fi;R m ) such that their restrictions to U are piecewise 
afhne and Uj,D n itj converge strongly to u,D n u in L p (i7;lR m ), respectively, while 
D(£i,o) u j converge strongly to D(£. >0 \u in L p (Ui\R m ). 

We will use some estimates deriving from the inequality <p(t,F) < (3(1 + 



ip(t, F)), which follows trivially from (4.1). By Proposition |4.9| we have that 



n-l 



i=k+l 
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Tb — ± 

i>{x n ,D Uj ) < p k ( \ D WW \ p + \D nUj \ p 



i=k+l 



on lu x (tk,tk+i)- Note that by fl4.14| ) 

?i-2 „ N 



Ju k=0 Ju k nujx(t k ,t k+1 ) K i-k+i 



+f3 / (3 k \D n u 3 \ p dx. 



If we use the continuity of (p in the second variable and apply Fatou's lemma to 
the sequences 

„ n— 2 „ n — 1 

P k \D nUj \Pdx + /3(l+ ^ ^ID^^^I") dx 

± / <p{x n ,Duj)dx 
Ju 

we get that 



(p(x n ,Du)dx= lim / Lp(x,Duj)dx. 

Hence, we have proved the integral representation for sets of the type U — Ufc=o Uk 
where U k CC lu x (t kl t k+ i). A symmetric argument applies to the case where 
U = Ufc=o U k , with Uk CC a; x (— tk+i, — tjfe)- Since Jq(u, ■) is a measure abso- 
lutely continuous with respect to Lebesgue measure, we conclude that the integral 
representation holds for all open subsets U of f2. □ 

Finally, the oscillating-boundary homogenization theorem reads as follows. 



Theorem 4.15 Let J e be given by (4.2). Then the T-limit 

Jo(u) = T- lim J e (u) 

exists for all u € L p (f2;R m ), and we have 

W hom (\x n \,Du)dx ifu € W^ p (fi;M m ) 
-oo otherwise, 



Jo(u) = < Jn 



wher e Whom(t,A) — W^ ola (A) for a.e. t S (0,1), and W^ om is given by Theorem 
ETll Moreover, if u G W 1,p (r2;R m ) £/iere exists a family (u £ ) converging to u in 
L p (f2; K m ), such that u — u e has compact support in f2 and Jo(u) = lim e _»o Je(u e ). 
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PROOF. It is sufficient to compute the F-limit for u 6 W^' p (f2; K m ), since 
by comparison with Proposition 4.8 (i) we immediately have Jq(u) = +00 if u ^ 
Wj,' p (0; K m ). Let p be given by Proposition 4.1; it remains to prove that p satisfies 
an asymptotic formula. 

Let x n > 0, let < p < x n and consider the functionals (4.15) with t — x n — p 
and t = x„ so that 



> 



XE yn ( y f)w(^,A) dy 

(0,l)"- 1 x(a;„-p : x„) K £ / V £ J 

> J*» {AX, (0, I)"" 1 X ( Xn - p, Xn)) . 



By Theorem 4.13 



PK™ P ( A ) > r-M J E (Ax, (0, l)"- 1 x (x n - p,x n )) 



Taking into account that 



r- lim J e (Ax, (0, 1)™" 1 x (x n - p, x n )) 



(Q,l) n - 1 x.(x„—p,x n ) 



p{y n ,A)dy 



we get 

W^- p {A) < \ j p(y n ,A) dy n < W^ m (A). 

Since 1 1— > (A) and 1 1— > pit, A) are decreasing functions on (0, 1), there exists 

a subset M of (0, 1), \M\ — 0, such that they are continuous on (0, 1) \ M; hence, 
by passing to the limit as p — > we get 

p(x n ,A) = W^JA) 

for every x n G (0, 1) \ M. For x„ < it suffices to apply a symmetric argument. 

The last statement follows by a well-known argument of stability of T-con- 
vergence by compatible boundary data due to De Giorgi (see fl Section 11.3). 

□ 



5 Thin films with fast-oscillating profile 

In this section we establish the second goal of the paper; that is, to prove that the 



T- limit of functionals E e j as in (1.1) when e — + and S « e, is given by first 
applying the theory constructed in the previous section with e as a parameter and 
letting S — > 0, and subsequently letting e — > 0. The final result can be summarized 
as follows, in a n-dimensional setting. 
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Theorem 5.1 Let f : K™ -1 — > [0, 1] be a 1-periodic lower semicontinuous function 
with < min/ < sup/ = 1, Zei W : M mxn — » [0, +oo) be a convex function 
satisfying 

71*7 < W(F) < 0(1 + \F\p) 

for all F £ M mx " and for some 1 < p < +oo, < 7 < 0. Let S : (0, +00) -> 
(0, +00) Z?e smc/i i/iat 

h m ^ = o. 

Let iv be a bounded open subset o/R" -1 and let £ C u) x (—1, 1) &e defined by 

n £ = {xeR n : \x n \<f(J^),x a ew}. (5.1) 

De/Zne E e : W(uj x (-1, 1)) [0, +00] by 

v,^ if w(D a u,-D n u)dx ifu\ eW 1 'P(fi £ ;M ro ) 

£ e (u) = < /n, V e / \"e (5.2) 

I +cxo otherwise. 

Then the Y -limit as e — > 0/ £? £ is given 6j/ 



/ IThom(£> Q M)dx i/u £ W x ' p (w x (-1, l);R m ) and D n u = 

(5.3) 



E(u) = { Lx(-i,i) 

+00 otherwise, 



where Whom ■ M mx (" ^ — > [0, +00) is given &?/ 

W ho m(F)= / infW h om(i,F|F„)A, (5.4) 
Jo 



and Whom % 



W hom (i,F) = inf{ / X E t (x a )W{F + Du{x))dx : 

U(0,1)" 

u G W^(R n ;K m ) 1 -periodic} (5.5) 
/or f e (0, 1) and F 6 M mxn , waere E t = {/ > i}- 

5.1 Proof of the result 

In order to simplify the proof without loosing sight of the main intricacies of the 
argument, we deal only with the case where e — 1/j and 5 — e 2 . The general case 
can be dealt with similarly, by introducing some error terms. We define, with a 
slight abuse of notation, 

O fe = {a; e fl : \x n \ < f(kx a )} 
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and for k = j 2 , j E N 

Ej(u,U)= W{D a u\jD n u)dx 
Jn j2 nu 

for all u {n . 2nu £ W 1 ' p (n j -2 n U;R m ). 

By the compactness result Theorem 2.5 in |^] we can suppose that there 
exists W : M mx ("- 1 ) -> [0, +00) such that Ej(u, U) T-converge for all sets of the 
form U = V x (—1, 1) or U — U' x (0, 1) to the functional given by 

f / W {D a u) dx if u € W x ' p (f7; R m ) and D n u = 
F (u, U) = < Ju (5.6) 

I +00 otherwise. 



Proposition 5.2 For a/Z F e M™^™" 1 ) define 

W hom (F) = inf{ / Wkom(a;„,£>i/ + F)da; : (5.7) 

L J(0,1)" 

u E W^fl";!" 1 ), it 1-pemodic in x a \ . 

Then ^ 

W hom (F) = / M? hom (t,F)^, (5.8) 
Jo 

w/iere 

W hom {t,F) = MW hom {t,T\F n ) (5.9) 
and F 1— > Whom(i>F) is convex. 

Proof. It can be easily proved that F 1— > Whom{t, F) is convex. 
With fixed n > 0, by the Measurable Selection Criterion (see e.g |f^]), we 
can find G n (t) a measurable function such that 

WW(i,F|G„) < mf W hom (t, F|F n ) + n. 

We can consider x 

u(x a ,x n ) = / G n (s) ds 



as test function in (5.7). We then get 

W hom (F) < f W h 

om l,^n 1 

F\G n (x n ))dx n 
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and so 

Whom (F) < [ inf W hom {t,F\F n )dt + i 1 = [ W hom (t : F)dt + V . 

Jo F " Jo 

Conversely, 



W hom {F) > mf\ / W hom {x n ,D a u + F)dx 

'(0,1)" 



u e W 1 1 ^((0, l) n ;M m ), u 1-periodic ina; a | 

> / (inf{ / W hom (t,D a u + F)dx a : 
Jo K t J(o,i)™- 1 

U| (0 ,i)n-i eW^ffO.ir 1 ;!" 1 ), u 1-periodic ina^j) dt 

> [ W hom (t,F)dt 
Jo 

by Jensen's inequality. □ 
Theorem 5.3 For allFe M mxi - n -^ we have W (F) = W hoi n(F). 



Proof. With fixed 77 > let v be a test function for (5.7) such that 

Whom fan, Dv + F)dx< W bom (F) + V ■ 

(0,1)" 



By Theorem 4.15 there exists a sequence Vj converging to v such that Vj — v on 
9(0, 1)™ (and, hence, in particular Vj is 1-periodic in x a ) and 

/ W hom (x n ,Dv + F)dx = lira / W(Dvj +F)dx. (5.10) 

J (o,i)™ i->+oo y n ^n(o,i)» 

If we define Uj(x a , x n ) — ^vj(jx a , x n ) then itj — > in L p ((0, l) n ; ]R m ) and 

/ W(i?«j+F)dx = t4t / W(Dvj + ~F) dx 

Jn j n(o,i) n J n ./n. f n((o,i)«- 1 x(o,i)) 

lf(%(i!/ a ,!/„)+F)c(!/ 



O j . 2 n(o,l)" 

Jo j . 2 n(o,l)" 

+!Fx a ,(0,l) n ); (5.11) 
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hence, we can conclude that 



W (F) < lim inf Ej (uj + Fx a ,(0,1) 



lim inf / W(D Vj + F)dx 

j^+co J o ,n(0,i)" 



< W hoin (F)+r) 



by @, O, O and @. 

Now we prove the converse inequality. Let it.,- — > be such that 
W (F) = lim Ej {uj + Fx a , (0, 1)"). 

j— >+oo 

By |^| Lemma 2.6 we can choose Uj 1-periodic in x a ; let vj be defined by i>j(x) = 

j Uj {x a /j, x n ). With fixed j, NeN, (0, 1)" = ULi(°> * i( m ~ l )l N , m / N ), 

we can define a function Vj^ m by setting 



,,-Cr T _|_ jf 2k < t < ™ _ 2fc 



2fc+2\ :f m-1 _ 2fc+l ^ , m 2fc+l 



for k G Z, which is 1-periodic in x Q and 2/A^-periodic in x„. Hence, we can 
construct 

W J. fc |(0,l)"- 1 x((m-l)/Af,m/A') = v j,m,k( x ) 

where Uj, m ,fc(a;) = f Vj :m (jx), such that w^k is ^-periodic in x a and 

W i. fc |(0 : l)"- I x((m-1)/A',m/Af) ~ * D n Vj, m dx^ X n ^j — W 171 

as k — > +oo, in L p ((0, 1)"; R m ). In this case the functions Wj^ defined as above 
belong to W 1 ' p (n fe n (0, l)";R m ). 
Finally, we define w such that 

m 

« ; |(0,1)"- I x((m-1)/Af,m/Af) =W 

which is 1-periodic in x a . Let 

a™ /n = n 3 - n {x„ = m/7V} 



and 

we define 



A™ /iV = f2 fe n {a;„ = m/N}, 

N 

Ef = |J Aj i/JV x ((to - I) /N, m/N) 
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and 



N 



E?= |J Af N x((m-l)/N,m/N). 



m— 1 



We restrict our analysis to the case where k/j odd, the other case being dealt with 
by introducing a small error term. Hence, if we use the notation 



Ii(u, (0,l) n ) = 



W(Du) dx 



(I = j or k) we have that 

Ijivj + Fx a , (0, 1)") = I k ( Wj , k + Fx a , (0, 1)"). 



(5.12) 



Reasoning as in Theorems |4.11| and [4.13| we get that 

/hom(w + Fa; Q ,(0,l) n ) =T- lim I k (w + Fx a , (0, l) n ) 



N 



E 

m— 1 

N 

E 



m=1 ^(0,l)»-ix((m-l)/iV,m/iV) 
N 



W honl (m/N, Dw + F) dx 



(0,l)"- 1 x((m-l)/Af,m/Af) 
X n N] + 1 



Whom( 



[x„iV] + 1 



N 



Dw + F)dx 



(o 



> 



Whom ( 

1}» 

Whom ( 



N 



, + F ) dx 



by (|5.9| ). Taking the limit as TV — > +oo, we obtain 

ho m (w + F Xa , (0, 1)") > Whom(F) 



(5.13) 



by Proposition 5.2. Hence, 

Ejiuj+Fx^iO,!) 71 ) 



W(Dvj + F) dx 

a 3 n(o,i) n 

> limmf I k ( Wj , k +Fx a , {0,l) n ) 

k— > + OC 

> W hom (F) 



by (5.11)-(5.13). By the choice of (uj) we get the desired inequality. 



□ 



The proof of Theorem 5.1 will be complete once we observe that in the convex 
case formula (5.5) simplifies that in Theorem 4.13 (see e.g. H Section 14.3). 
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5.2 Convergence of minimum problems 

As an application of the T-convergence result of the previous section, we describe 
the asymptotic behaviour of problems of the form 



m E ,s = mini W{Du) dx : u G V(oj x (-e, e); R m ), 

u\n{e.s) G W 1 ' p (n(e,a);R m ), « = on x (-e,e)}, (5.14) 



where «/> = <£(x a ) G W^fw; R m ), Q(£, (5) is given by (gj) and / and W satisfy the 
hypotheses of Theore m |5.l| . By using Poincare's inequality it can immediately be 
checked that problem ( 5.14 ) admits at least one solution for each choice of e, S > 0. 
The asymptotic behaviour of these solutions when e — > and 5 « e is given by 
the following result. 



Proposition 5.4 Let e and S — 6(e) satisfy the hypotheses of Theorem 5.1, and 
for each s letu E be a solution o/(5.14). Then, upon extracting a subsequence, there 
exist a sequence (v £ ) in h p (uj x (—1, 1); R m ) and a function w £ W 1,p (w; R m ) such 
that 

(i) w £ = u £ on Q(s, S(e)), 

(ii) if w £ (x a ,x n ) — v £ (x a ,Ex n ), then w e converges (with the identification 
w(x) = w(x a ) ) tow in W((uj x (-1, 1); R m ), 

(iii) w is a solution of the minimum problem 

too = minj J 2W\ lom (D a u) dx a : u G L p (w;R m ), u = <f) on Qwj, (5.15) 



where Whom is defined by (5.4) and (5.5), 
(iv) TO e 5( e )/e converges to mo. 



Proof. Note that, in the notation of Theorem 5.1, u e defined by u £ (x a , x n ) — 
ex. i £-&ri) IS cl solution of 

m £ = -m e!(5 ( E ) = min|y w[p a u, ^D n uj dx : u G V(uj x (-1, l);R m ), 

u\n E G W 1 ' p (fi e ;R m ), u = <j) on X (-1, 1)}. (5.16) 

By H Remark 2.3, upon extracting a subsequence, there exist w £ G L p ((u> x 
(— 1, l);R m ) converging to some w in L p ((lu x (—1, l);R m ), D„!ii = and w £ = u £ 
on Q £ . By the well-known property of the convergence of minima and minimizers 
of T-converging functionals (see e.g. Q Theorem 7.2), (iii) and (iv) follow from 
Theorem |5.1| , since the T-limit is not influenced by the boundary value <fr (see Q 
Lemma 2.6). □ 
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